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Abstract

There has been much work into solving proximity problems in vector space, but little in the way of comprehensive literature reviews. Many data structures and techniques have been proposed to solve the range query problem in static Euclidean space. This paper gives an overview of the most popular of these methods, and goes on to explain issues dealing with the range query problem for moving points. The paper then focuses on a specific molecular dynamics N-body simulation problem whereby particles move about a stable liquid and nearby particles have strong pair-wise interactions. Finally, the paper explains why most known structures and techniques are inferior to a simple, fixed grid file, and makes suggestions for future research into this N-body problem.
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1 Introduction

The range query problem, also known as range search, or fixed-radius near-neighbours search [12], is a very important computational geometry problem with numerous applications across a large range of disciplines, including geographical information systems, computer graphics, astrophysics, pattern recognition, databases, data mining, artificial intelligence and bioinformatics [10]. The range query problem itself is to find all points p within a given radius r of another point q. Other variants of this problem include nearest neighbour query, k-nearest neighbour query, spatial join, and approximate nearest neighbour query [10, 34]. All these aforementioned proximity problems have been thoroughly explored, and many solutions have been proposed and tested for range queries in both vector space and metric space. Among the most popular data-structures for range queries in vector space are the R-tree, K-D-tree, quad-trees, X-trees and grid file [10].

As explained in [10], since range query problems have been investigated across such a diverse range of fields (usually focusing on high-dimensionality problems), there has been significant reinvention and overlaps in the various solutions, there have been few attempts to unify solutions, and few thorough comparisons have been presented. Moreover, most of the referenced papers which explore the proximity problem are very generalized to account for variable numbers of dimensions, different fields, and often different types of space; for example Euclidean space or non-Euclidean space, metric space or vector space, continuum space or fixed space.
This paper is focussed on the more specific case of range queries for moving particles in three-dimensional space. This specific problem has numerous applications across many fields; molecule simulations, air traffic control, moving wireless devices, simulations of celestial bodies and numerous other topological queries are all good examples. To the best of this author’s knowledge, there is no recent comprehensive survey paper of vector space spatial data structures and how these scale across to moving point query problems. This literature review is intended as a simple overview of the field, it rarely goes into any depth, contains no proofs, and should be especially useful for those getting started in the field.
The fluid dynamics problem is of prime importance in engineering and many scientific disciplines, including bioinformatics [41, 40]. By determining which particles are within the range of influence of another particle, it is then possible to calculate all pair-wise influences and simulate their interaction. In stable fluids atoms vibrate and move about relatively slowly. In this general case, the distribution of particles is typically uniform. This is unlike most N-body problems (including star simulations) where particles cluster [9, 7], or geographical information system, where most real-world data sets exhibit countless patterns, the distribution of street lights in a city for example. In this literature review, the most popular and efficient range query algorithms and data-structures will be considered in the specific context of a stable fluid simulation in three-dimensional Euclidean vector space. 

This paper is organized as follows. Section 2 provides some motivating examples of range search. Section 3 introduces the basic concepts of proximity problems. Section 4 provides a survey of popular spatial data structures, search algorithms and optimization techniques for static spatial queries in vector space. Section 5 discusses techniques used for dynamic spatial queries environments where objects and queries may move. Section 6 discusses a specific N-body fluid simulation problem. Section 7 concludes the literature review and suggests future research.
2 Motivating Examples

Proximity problems have numerous applications across a range of fields [10]. The following are motivating examples of common proximity problems in real (vector) space. Each has been classified and many appear later in the text. 
	Characteristics
	Examples


	Type

	Static spatial queries:

	Objects and queries are static
	Find the nearest post office to a given house.
	Nearest Neighbour

	
	Find all libraries within 10 kilometres of a school.
	Spatial Join

	Dynamic spatial queries:

	Objects are moving, but queries are static
	For several airport airspaces, continuously find all aeroplanes within each.
	Range search

	Objects are static, but queries are moving
	Find the nearest two gas stations to a car over the next 5 minutes, based on its current speed. 
	k-Nearest Neighbour

	
	Continuously find the closest transmitters for all mobile wireless devices.
	Spatial Join

	Objects and query points are both moving
	For all ships, continuously find all pairs of ships within a certain radius of each other.
	Self spatial join

	Objects and query points are both moving and interact
	Run a star clustering simulation.

Run a simulation of atoms in a stable fluid.
	N-body problem (a form self spatial join)


3 Basic Concepts
In this section, a simple formal description of several spaces and proximity problems is presented.
3.1 Spaces

To understand proximity problems, it is necessary to have a basic understanding of the different classifications of space [10] to which they can be applied.
Metric space. A metric space contains a set of objects X and has a special “distance” function which returns a non-negative cost between all pairs of objects. Distance functions must have the following properties for
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triangle inequality.

A convenient example of metric space might be a cost metric for shortest path routing over a connected, non-directional network. For the rest of the paper, X denotes the universe of valid objects in our space.

Vector space. Vector space is a metric space where objects have real-valued coordinates. A k-dimensional vector space has k real-valued coordinates (x1,x2…,xk). There are a number of distance functions to use, but the most widely used is the family of Ls (Minkowski) distances, defined as:
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For instance, L1 “block” distance returns the sum of all differences along all coordinates. However, this paper is primarily concerned with L2 (Euclidean space).

Euclidean Space (L2). This is the most commonly used of all vector spaces, often denoted as
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. Euclidean distance can be thought of as the “real world” distance between two points. To calculate the Euclidean distance between two points in 3D space:
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Note that there are many other types of space and geometries omitted from this section, including non-Euclidean spaces such as spherical, elliptic and hyperbolic space. Variations on metric space including pseudometric space, where the strict positiveness property (p4) does not hold, and quasimetric space, where the symmetric properly (p2) does not hold, are also not relevant in this paper. More detailed information about classifications of space is in [10].
3.2 Proximity Problems

These following proximity problems, often called spatial queries, are among the fundamental problems in computational geometry.

The three basic types of proximity problem queries are:

Nearest Neighbour query (NN). Retrieve the closest object to q in X.
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. Originally known as the post office problem.
k-Nearest Neighbour query (kNN). Retrieve the k closest object to q in X (returns a set). Note that, in this case, k is not the number of dimensions.
Range query. Retrieve all objects that are within distance r to q. 
[image: image11.wmf]}

)

,

(

/

{

r

p

q

d

X

p

£

Î

. Range queries effectively define a spherical region. In this paper, the term sphere could refer to a circle, sphere or hypersphere, depending on the number of dimensions. A hypersphere is a sphere with more than three dimensions.
Similar variations on range query include:

Spatial Join query (SJ). Given two sets of points, retrieve all pairs of points, one from each set, such that the distance between the points is less than or equal to r.
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. For example, find libraries within 10 kilometres of schools. The special case where both datasets are identical can be termed self spatial join [14], for instance, find all schools within 5 kilometres of another school. Spatial join is also known as (-join in some papers, and is often used in database application.
Approximate Near Neighbour query. Retrieve all objects within distance 1+( of the true nearest neighbour, where ( ≥ 0. Notice that this requires the execution of the nearest neighbour query and then a range query.
Two additional queries which apply to vector space are:

Point query. A point is specified and any points with identical coordinates are retrieved. This is equivalent to a range query with r=0. Also know as exact query.

Window query. Retrieve all objects within a specified rectangular region in data space. A hyper-rectangle is a rectangular prism with more than three dimensions and can be defined by two bounds on each coordinate, and is therefore always parallel to the axis window. In this paper rectangle is used to refer to a rectangle, rectangular prism, or hyper-rectangle, depending on the number of dimensions. In vector space, window queries are typically quicker than range queries, so it often makes sense to execute a window query which forms a minimum bounding rectangle around a range query sphere, and then examine all returned elements to check which fall inside the range query.


[image: image13]
Figure 1. Common proximity problems.
Figure 1 illustrates most of these simple queries. Range query is the focus of this paper, however all of these proximity problems have been studied extensively and solved using the same data structures. Also note that the term object can mean almost anything. In vector space, an object often represents a line, rectangle or any other form of geometric shape, but most often just represents a single point. Search algorithms to find overlapping lines and shapes are typically more complicated than a simple search for points.
If the above spatial queries are evaluated once over stationary objects, they are called static queries (also known as instantaneous queries) [31]. However, if the objects and or queries move, and the queries require constant evaluation, they are called dynamic queries (also known as spatio-temporal queries). Solutions for dynamic queries are generally more involved.

N-body problem. A common type of dynamic query problem is the N-body problem, which simulates the evolution of a system of N bodies, whereby force is exerted on each body due to its interaction with all the other bodies in the system. This problem is quite specialized, and many papers propose very specific algorithms to solve such problems [9, 7, 45]. For large numbers of particles it is impractical to compare all particles to all other particles O(n2), therefore it is customary to specify a cut-off radius, beyond which pair-wise interaction forces are considered negligible, and ignored. Notice therefore, that the N-body problem is a form of self spatial join over a single set of moving points. Each point typically has a mass or charge associated with it. A canonical example of an N-body problem is a star-clustering simulation.
3.3 Solving Proximity Problems with Spatial Data Structures
The naïve solution to solve any proximity problem (in any space) is the brute force approach: compare every object to every other object; O(n2k); which is clearly unacceptable for more than a few points. To allow for faster searching, objects must first be sorted somehow into some type of data structure. Such a structure is called an index or spatial access method (SAM).

Solving a proximity problem using a SAM is typically divided into two phases:

1. Building the index. For each SAM there may exist several indexing algorithms to initially construct the structure. The algorithms to insert and delete objects at a later stage may be different again. For example, [44] describes how different reinsertion policies and metrics can be used in three common variations of the R-tree, a very popular tree-based SAM.
2. Executing queries by searching the index. For each SAM, there may exist several search algorithms to find the answer to the various proximity problems. For example, algorithms to execute nearest neighbour, and range search, are usually quite different [34].
Coarsening Results. To improve performance, many search algorithms techniques are willing to approximate/coarsen their results for spatial queries; especially for queries in non-vector, metric space [10]. Instead of returning an exact answer to a spatial query, they initially return a set of candidate elements such that: actual results ( candidate elements. 

For such indexes, the executing of each query is divided into two additional phases:
1. Filter step: searching for a set of candidate elements. The time this takes is called internal complexity.
2. Refinement step: checking candidate elements exhaustively using the distance function. The time this takes is called external complexity. The more candidate elements returned (the more false objects which must be eliminated) the higher the external complexity.
Coarsening search results can reduce internal complexity, but typically increases external complexity in the process. Thus, optimizing spatial queries often involves finding an appropriate trade-off between internal and external complexity.
3.4 Measuring Performance

In order to compare different solutions to proximity problems, it is necessary to use some measure of performance, and this can be non-trivial. Performance can be divided into time performance and memory space requirements. According to [10], total time to evaluate a query can be separated into:
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Many spatial access methods (SAM) and search algorithms have been proposed to solve proximity problems [17]. These strategies have been validated and compared using various platforms, different testing methodologies, datasets and implementation choices. The lack of a commonly shared performance methodology and benchmarking makes it difficult to make a fair comparison between these numerous techniques [30]. Different papers have used different performance measures. Earlier papers, such as [34], use the number of page accesses as their main performance measure (probably because main memory capacity and speed played a much larger factor in the past), while other papers [19, 4] prefer to use total CPU time, and still others use number of I/O accesses [31]. For searches in metric space, it has been recently accepted that the number of distance computations is an appropriate measure of performance, since each metric distance computation is typically expensive [10]. A comprehensive cost model for query processing, with focus on high dimensions is provided in [8]. This paper relies mainly on big O notation to approximate and compare performance between different techniques.
4 Search Solutions for Vector Space
This section explains and presents some of the most popular types of indexes and search algorithms used in vector space, plus a brief discussion of indexes proposed for generic metric space. This is by no means an exhaustive survey, but it does offer good insight and comparison between different techniques, and why most are impractical for the current proposed N-body project.
For the last few decades many different indexes have been proposed and investigated [17]. According to this author’s observations, these can be split into two major categories:

1. Dimension-based indexes: indexes proposed specifically for vector space, which use distances along dimensions in their indexing of objects, and

2. Distance-based indexes: indexes proposed for the more general metric space, which only use distances between points to index objects.

[image: image15]
Figure 2. Simplified taxonomy of popular indexes for vector space
based on an historical graph by [17].
The following discussion focuses mainly on the range query in vector space: given a k-dimensional vector space with n points, find all points p, within distance r from point q. For simplicity, k is not included in any Big O notations. However, since co-ordinate information must be stored and retrieved for all indexes, it is important to remember that all build and search times are (at least) linearly dependent on k.
4.1 Tree Structures

Trees are an obvious choice, because most trees have an O(n log n) build, occupy O(n) space, and have O(log n) search time (per element searched). All index structures presented here are dynamic, and allow insert and delete operations in O(log n) time. Most of the trees below divide space into hyper-rectangles, which will be called cells, however some use spheres. During the construction of all the trees below, search space is split recursively using fan-out f until each cell contains at most b elements. 
4.1.1 Quadtrees
The regional quadtree [37] is an unbalanced tree, described as the simplest of all tree-based spatial indexes. Objects are inserted into the tree one at a time. For each split required, the space is divided into equal halves along each dimension; creating 2k equal sized cells. For the case of 3-dimensional space, each split divides a rectangular prism into eight smaller rectangular prisms, and this is called an octree. A simple variation is to divide each dimension into more than two halves. If each dimension is split into, say 32 pieces, there are 32k equal cells, and it is called a 32-tree in [26]. Making more splits like this can improve performance of queries towards that of a grid file, especially for hyper-skewed data [26].

[image: image16]
Figure 3. Quadtrees.

A variation on the regional quadtree is the point quadtree, which, instead of splitting space evenly, makes each 2d way split at the location of a point. Figure 3 illustrates these two types of quadtrees. A potential problem with both quadtrees is that dead space is not handled gracefully. For the case of highly skewed data, many nodes are empty pointers, and therefore wasted memory space. For the liquid simulation however, data distribution will be uniform, and a regional quadtree may perform very well, depending on the fan-out.
4.1.2 K-D-Trees

A median K-D-tree [5, 15] is a balanced binary tree. Each level of the tree splits along successive dimensions, at the point which has the median value along that dimension (for all points remaining in that subtree). For example, for 2-dimensional space the first split is vertical (along the x-axis), the two splits at the next level are horizontal (along the y-axis), the next level splits are vertical, and so on.

[image: image17]
Figure 4. Simple K-D-tree.

The K-D-tree has many variations, including the LSD (Local Split Decision) tree, adaptive K-D-B-tree, BD-tree, GBD-tree, G-tree and K-D-B-tree [17]. Each appears to have it’s own strong points, for example, the K-D-B-tree [33] and sub-variations [48], combine properties of K-D-trees and B-trees and attempt to optimize I/O efficiency, and are most effective for large, higher dimensional indexes.

4.1.3 R-Tree

The R-tree was proposed [19] as an extension of B+-trees for k dimensions. The R-tree is a balanced tree whereby each subtree groups/clusters nearby objects together inside a Minimum Bounding Rectangle (MBR). R-trees have received more attention than any other tree index, mostly because they deal exceptionally well with dead space and are therefore effective for highly skewed data, such as a galaxy of stars. Each non-leaf node is in the form (MBR, p) where p is a pointer to a child. MBR is typically represented by two points, the lowest point (minimum edge along each dimension) and the highest (maximum edge along each dimension). For example, in 2-dimension space MBR is in the form (xlow, xhigh, ylow, yhigh).
There have been many proposed variations of the R-tree, below are some of the more popular.

[image: image18]
Figure 5. R-tree showing a range query.

R*-tree. The R*-tree [4] is very similar to the R-tree, but has a smarter insertion designed to minimize overlap of MBRs, the volume of MBRs, and also aims at minimizing storage. Results [4] show the R*-tree has a significant performance improvement over the R-tree.

SS-tree. The SS-tree is structurally different because it uses Minimum Bounding Spheres (MBS) rather than MBRs to cluster points. The advantage of spheres is they have smaller volume, and it is easier to calculate a minimum and maximum bound for NN algorithms. Preliminary results [46] shows that the SS-trees outperform R*-trees for greater than 5 dimensions, however this seems contradicted by results in [44], showing rectangular bounding predicates are superior to spherical ones in high dimensions.

SR-tree. The SR-tree combines the R-tree and SS-tree; each cluster is represented by both a MBR and a MBS. This is a little more costly to represent, however it capitalizes on the combined advantage of both structures, eliminates more dead space and preliminary results show it can slightly outperform both the R-tree and SS-tree for any dimensionality [44].


[image: image19]
Figure 6. SS-tree and SR-tree.

TV-tree.  The Telescopic-Vector tree or TV-tree [27] was proposed for high-dimensional space. The idea is it can use a variable number of dimensions to distinguish between groups of objects, and since this number of required dimensions is usually small, the method saves space and allows a larger fan-out. The resulting tree is more shallow and compact, thus requiring fewer disk accesses. In [27], they show that the TV-tree improves on disk access by R*-tree by up to 80% in high dimensions.
X-tree. The X-tree is designed for high-dimensional data, and makes a new organization of the directory which uses a split algorithm minimizing overlap and additionally utilizes the concept of super-nodes [6]. Result shows that for high-dimensional data, the X-tree outperforms the R*-tree and TV-tree by up to two orders of magnitude [6].

4.2 Range Query Algorithms in Tree Structures

For each of the above data structures, the range query algorithm is very intuitive. A depth first search of the tree-based index is executed, whereby only those bounding hyper-rectangles (or bounding hyperspheres in the case of the SS-tree and SR-tree) which overlap the query sphere are checked. All elements in these buckets must be checked exhaustively. An example of a range query over an R-tree is shown in Figure 5. Each range query can be executed in O(log n) time; however, if the radius is large, this can take closer to O(n log n) time. Therefore, the complexity of the range query depends on the percentage of total elements it captures, and this grows sharply with the radius.
4.3 NN & kNN Algorithms in Tree Structures

Although not the primary focus of this literature review, solving the nearest neighbour and k-nearest neighbour problems using trees structure is a more involved process and introduces some useful concepts and metrics. Three main approaches are:

1. Searching with increasing radius. This is the easiest search algorithm and is based on using a series of range queries on q, (starting with a small radius) whereby each consecutive range query uses an increased radius until at least k elements are returned. Increasing the radius linearly may be appropriate if data are uniformly distributed, however increasing the radius exponentially is the more common. The latter involves using
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, starting with i=0 and incrementing i, for each new range query. Since range query complexity grows sharply with the radius, the cost of this method can be very close to the cost of range querying with the correct, containing radius (supposing it was known in advance).
2. Searching with decreasing radius. This algorithm is also based on using a series of range queries. Although it has been investigated in metric space, it is a very unpopular choice in vector space due to poor performance. The idea is to start with
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 and then the search is continued with this radius.
3. Priority backtracking. Unlike the previous two methods, this algorithm takes advantage of the structure of the index. At each level of the tree there are a number of possible subtrees to traverse, and a lower bound for each of these (their minimum distance from q) is calculated to determine which subtrees are most likely to contain the nearest neighbour(s). Subtrees which are not immediately traversed are added to some type of priority list, along with their lower bound, so that they might be considered later. As leaf node elements are searched, r* is updated, and as the algorithm backtracked, the lower bound for untraversed subtrees is checked against r* to decide if that subtree might contain a closer point.
4.3.1 Nearest Neighbour Metrics
There has been much investigation into finding the nearest neighbour(s) as quickly as possible. One paper, [34], explains a priority backtracking R-tree traversal algorithm to solve NN and introduces two popular metrics used in search ordering strategy and pruning:
MinDist – the closest possible distance between query object q and any object that can be in subtree E. This is the optimistic metric.

MinMaxDist – the closest distance from q within which an object in E is guaranteed to be found. Since it represents the furthest possible distance to the nearest object in the MBR, this is called the pessimistic metric.


[image: image23]
Figure 7. Pruning metrics based on [43].
Figure 7 illustrates these two metrics. The depth first (DF), brand-and-bound R-tree algorithm in [34] uses these metrics as follows.
Optimistic strategy: Starting at the root, all nodes are sorted according to their mindist from the q and the entry with the lowest mindist is visited first. This continues recursively for each non-leaf node. At leaf nodes, the distance from q to each object is calculated exhaustively and the minimum known distance to a neighbour is kept updated
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. The algorithm then backtracks upwards and checks r* against the mindist of all untraversed subtrees. Any untraversed node with a mindist less than r* is traversed, otherwise it is ignored.
Pessimistic strategy: The pessimistic strategy works very similarly to the one above, except that, at each non-leaf node minmaxdist (the furthest possible distance to a contained object) for each node is calculated and the minimum minmaxdist is kept updated. For every subtree, any node found with a mindist greater than the minimum found minmaxdist is pruned from the tree and need never be visited, because it cannot possibly contain the nearest neighbour.

A similar structured best-first (BF) algorithm for finding k nearest neighbours using R-trees in O(k+k) is proposed in [21], and found to be more optimal.
4.4 Non-tree Structures
There have been numerous attempts to construct hashing functions that preserve proximity, at least to some extent [17]. There are several extendible hashing and linear hashing techniques which have had some success, outlined in [17], however only the most popular grid file methods (based on extendible hashing) are discussed in this section.
4.4.1 Grid File
The original grid file [26, 29] superimposes a k-dimensional orthogonal grid over the dataset. This grid is not necessarily regular, so cells may be different shapes and sizes. A typical grid associates one or more of these cells with a data bucket, and since this directory of data buckets can grow large, it is typically kept in secondary storage. The grid itself is kept in main memory, represented by d one-dimensional arrays called scales [17]. Figure 8 shows an example of a grid file, where each cell of the grid directory points to a single bucket.

[image: image25]
Figure 8. Grid file.
When a point is inserted the appropriate cell is found (using a point query), and if it causes no overfill, it is added to the appropriate bucket. If an inserted point does cause overfill, the grid directory first checks if an existing hyperplane stored in the scales can be used for splitting the data bucket successfully. For instance if two new points are inserted into cell C3 in Figure 8, then cells C2 and C3 can be changed to point to separate buckets. If this is not possible a new splitting hyperplane is introduced and inserted into the corresponding scale. For instance, adding an extra point into D1 will call for a new hyperplane H; probably along the y plane. Splitting is an expensive operation.
Deletion is similar; if a bucket capacity falls below a certain threshold two buckets may be merged together. Depending on the partitioning of space, this may cause an entire hyperplane to be dropped. It has been shown that the grid files average directory size for uniformly distributed data is 
Θ(n1+(d-1)/(db+1)) where b is bucket size [32], and that the average occupancy of data buckets is about 69%. Since the original grid file, there have been several variations and hybrids proposed, including, EXCELL, the two-level grid file, the twin-grid file, the buddy tree, the BANG file and the multilayer grid file.
EXCELL file. The Extendible CELL (EXCELL) [42] is closely related to the grid file, except that, while the grid file partitioning hyperplane may be spaced arbitrarily, the EXCELL method decomposes the universe regularly so that all grid cells are of equal size. Each new split results in the halving of all cells and therefore a doubling of the directory size. This would be catastrophic for highly skewed datasets; however the advantage is that most spatial queries can be performed in minimal time O(k), since computing where a given point falls can be done using k divisions.
The Two-Level Grid File. The basic idea of a two-level grid file [20] is to have a root directory, a coursed version of the grid directory, which manages several secondary grid files. Entries of the root directory contain pointers to the directory pages of the lower level, which in turn contain pointers to the data pages. Using two levels works well for highly skewed data, because splits are often confined to the subdirectory. Notice that using levels like this is similar to the idea of quadtrees. The main difference is that all tree structures use branches and conditional if statements.

[image: image26]
Figure 9. Two-level grid file.
The Twin Grid File. A twin grid file [23] attempts to increase space utilization by introducing a second grid file, called the twin. Both grid files span the whole universe. By distributing/shuffling data among the two files dynamically more splits can be avoided and the total size minimized. It has been reported that each cell in the twin grid file has an average occupancy of 90% (compared to 69% for the original grid file).  The same paper found the twin grid file competitive against the original grid file, but inferior for smaller query ranges.
	
[image: image27]
Figure 10. Twin grid file.

	
[image: image28]
Figure 11. Buddy tree.


The Buddy Tree. The buddy tree [39] is a dynamic hashing scheme with a tree-structured directory. This hybrid structure uses the same strategy as K-D-trees to partition the universe (splitting in different dimensions at each level), but also keeps a minimum bounding rectangle of points accessible by each node. Experiments in [39] indicate the buddy tree is superior to many other SAMs including the two-level grid file, HB-tree and the BANG file.
4.5 Search Algorithms for Grid Files

Because grid files are not hierarchical, most build in a faster time than trees-based structures (better than O(n log n)) and have a much faster search time, as good as O(1) for the EXCELL file [42]. Although their time performance is better, many consume much more memory space, up to O(nk), if data is highly skewed. However, if the data is fairly uniform, the number of objects in different cells won’t vary too dramatically and space requirements will approach O(n).
For any grid file to perform a range search, a simple calculation can determine the set of all cells to search. For any range search or any other query region, two lists can be generated: a full list, which points to all cells completely contained in the query region, and a part list, which points to all cells partially covered by the query region. All objects in full list cells are included in the final result, however all objects in part list cells must be checked exhaustively using distance functions. The same concept of full lists and part lists can be applied to range search other SAMs too. The more objects in a part list, the higher its external complexity. For some range query searches, results might not need to be perfectly accurate, and including a few elements slightly outside the desired radius might be acceptable. In other words, in some situations checking part lists might be non-critical, so they can be regarded as full lists. In [26] the authors claim that using a dynamic array to implement full and part lists can be up to 40% more efficient than using linked lists.

[image: image29]
Figure 12. Use of part lists and full lists in a grid.
For any grid file to perform a NN search, cells can be searched in an outwards expanding pattern until another point is found, and all cells which potentially contain a closer point have been searched. If data is highly skewed, many empty cells/buckets may be encountered, however, if the data is spread uniformly, most cells will contain points. 
4.6 Metric Space only Structures

This section briefly describes the types of data structures used for searching metric space. Most are less effective than the vector space specific SAMs already defined. For ordinary metric space, objects do not have coordinates; therefore distances along dimensions cannot be used to index the space. Instead, spatial data structures for non-vector space must use distances between points to index the space.
As proposed in [10], metric space SAMs use a tree structure (although some condense this tree into the form of an array), and can be classified as either Voronoi-type or pivot-based.


[image: image30]
Figure 13. Simplified taxonomy of existing algorithms for searching metric space [10].
Pivot based SAMs. At each subtree, the chosen root is called a pivot, and remaining elements are somehow partitioned into subtrees according to their distance from this “pivot”. For instance the simple BKT (“Burkhard and Keller tree”) is easily visualized by splitting elements using concentric rings and each pivot is chosen arbitrarily. The method for choosing pivots, dividing subtrees, and representing data varies between each structure. Pivot-based SAMs include: BKT, FQT, FHQT, FQA, VPT, MVPT, VPT and AESA.

Range query algorithms for most of these structures work in the same general way. At each subtree, the distance from the pivot to the query point is calculated, and by considering the search radius the subtrees which must be checked can be determined.
Voronoi based SAMs. At each subtree, two or more elements, called centres, are chosen, and for all remaining elements, their distances to each centre is calculated so that they can be grouped/partitioned under the closest centre. For instance the bisector tree (BST) chooses two centres, and elements are split into the left or right subtree according to which centre is nearest. Voronoi-based SAMs include: BST, GHT, GNAT, VT, MT and GNAT.

A hyperplane is the plane which represents an equal distance between any two centres. A covering radius ball is a minimum bounding sphere for each centre; therefore described by a covering radius which is equal to the farthest distance to any of its contained elements. Range query algorithms for these structures work one of two ways. At each subtree; calculate the distance to all centres, consider the search radius (query ball) and determine which subtrees must be visited by either checking which hyperplanes or which containing balls it overlaps. 
Distance-based indexing vs. dimension-based indexing

It has been generally accepted that, for the case of vector space, dimension-based indexing structures are more efficient than the distance-based indexing structures. This seems logical because:

1. During the building phase, distance-based trees require at least O(n log n) distance computations to set up the tree, and distance computations can be expensive. Dimension-based structures consider co-ordinates during build time, and few require distance calculations.
2. During the searching phase: distance-based trees usually require more distance computations while searching. Dimension-based structures can consider distances along one dimension at a time, and easily detect if minimum bounding spheres and rectangles overlap or not. When executing a range search for the three dimensional case, the difference along the x, y and z axes between any two points should be calculated separately at first, and if any of these distances exceeds a total distance cut-off, then the more expensive computation of the actual distance (
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For this reason, programmers will often try and map metric space problems to better known vector space by using approximation [10], however this is not always possible. Points must be mapped Ф such that: all distances in the new vector space (D{Ф(x), Ф(y)}) must be less than or equal to the original metric space distance d(x,y). Range queries in this new vector space will then capture a candidate list, and all these elements are then exhaustively checked using the original metric distance function d(x,y), since approximation means that some captured elements might fall outside the range in metric space. If triangle inequality also holds, then the mapping is said to be proximity preserving.
However, not all distance-based indexes are slower than classical dimension-based indexing. To confuse the issue [11] shows surprising preliminary results that the M-tree metric space data structure can outperform the R*-tree when applied to vector space, which certainly is worth further investigation. The M-tree is similar to the BST, but uses more than two centres to define each subtree, is balanced, and is aimed at providing better I/O performance and insertion policies. Furthermore, [47] shows that the vantage point tree (VP-tree) is competitive against the K-D-tree in Euclidean space, and [16] shows that the VP-tree is competitive against the R*-tree. The VP-tree is said to be very similar to the K-D-tree except that it chooses vantage points to perform a spherical decomposition of the search space.
4.7 Optimization Techniques

4.7.1 Space-Filling Curves
Spatial locality principle: It is probable that objects close to referred ones will be requested again in the future.

Search algorithms typically require processing of all points in any given cell at a time, and then points in nearby cells in sequence. If the actual array which contains the locations of points is unsorted, it is likely that two nearby points within the same cell will be far apart in memory or on disk, and this will result in a cache miss or page miss. 

To improve spatial locality, an obvious step is to group points in cells together, but main memory performance can be even further improved by sorting points and/or cells using a space-filling curve. A space-filling curve is a line passing through every point in a space, in some order, according to some algorithm. All techniques first partition the universe with a grid and then assign an order to all cells. The points in the given data set are then sorted and indexed according to the grid cell in which they are contained.

[image: image32]
Figure 14. Space filling curves.

Figure 14 illustrates four common space-filling curves: row-wise ordering (which may occur along any dimension), row prime ordering (a slight improvement), z-ordering (also known as the Peano curve or quad codes), the Hilbert curve and the Gray curve. A good overview of the subject, is provided in [38], and references to algorithms are provided in [17]. All space filling cures can be applied to any number of dimensions. Studies show that the Hilbert curve and z-ordering (which is simpler, but slightly less efficient) are the most effective methods [1, 28]. Space filling curves lend themselves best to grid files, but the principles can apply to other SAMs too. In [26], they found z-ordering improved their CPU time for a static 2-dimensional grid file by approximately 50%.
4.8 Comparison of Techniques
The survey in [17] includes a compilation of many comparitive studies, however points out the difficulties in ranking different SAMs. Differences in programming quality, hardware, buffer size/page size, datasets and the number of dimensions used can lead to different conclusions as to which methods outperform others. Some of the best performing SAMs include the buddy tree and the R*-tree according to [17]. Certain SAMs, such as the X-tree and TV-tree are effective in high dimensions, but not in lower dimensions, which is the focus of this literature review.
For the case of Euclidean space, if the size of the universe is known and the data are not extremely skewed, then the most effective structure to use is almost certainly a grid file [25]. Results in [26] show that a 2-dimensional static uniform grid file significantly outperforms the R*-tree, even for skewed data, since each individual point query can be executed in O(1). Furthermore, if the number of points and queries is known in advance, a near optimal cell size can be determined and so the grid file is set up before the points are inserted. The same paper [26] also shows the effectiveness of converting to a two-level grid file (called a two-tier grid file) for hyper-skewed data.
5 Range Query for Moving Points

All proximity problems become more complicated, when applied to moving objects. Not only do the set of objects move, but the set of queries may move dynamically too. In traditional static or instantaneous queries, queries are only evaluated once, but dynamic or spatio-temporal queries typically require constant evaluation and updates of results as the position of objects and query conditions change. A simple example of a spatio-temporal query is: “based on my current direction and speed of travel, which will be my two nearest gas stations for the next 3 minutes?”. According to [43], there are two basic methods to tackle dynamic queries.


[image: image33]
Figure 15. Solving dynamic queries.

1. Time-parameterized (TP) query. If points move predictably (according to known mathematic functions), then future positions of objects can be predicted, and the exact time at which results for any given query change can be determined. Queries of this nature return the objects that satisfy the spatial query, the exact expiry time of the result, and the set of objects that causes the expiration/change of the result. For example ({A,B}, (0,1.5(, {C}(, ({B,C}, (1.5,3),{Ø}(, implying B&C will be the two nearest neighbours for the first 1.5 minutes, and B&C for the last 1.5 minutes.
2. Continuous query. This is the easiest method, whereby each spatial query is re-executed again and again based on the updated position of objects. This is effectively a series of static queries whereby each subsequent query is either executed after given time-steps, or as often as possible/practical. The resulting objects and time for each instantaneous query are returned, for example: ({A,B},0(, ({A,B},1(, ({B,C},2(, ({B,C},3(. Notice that the exact time results change is not pinpointed.
There are advantages and disadvantages for each method. The disadvantages of the continuous queries method is that the index must be rebuilt every timestep, and it has less accuracy than time-parameterized queries, since the exact time that results change is not pinpointed. For time-parameterized queries it is possible to mathematically determine the exact time results change. Various time-parameterized solutions have been developed which don’t require frequent rebuilding of the index. This may be acceptable for the above kNN problem, but for a range query problem which captures many objects, it is likely that objects move in and out of range frequently, and each of these would require an update, resulting in huge overhead. It also depends on the mathematical complexity of movement. Movement of real objects, such as people, cars and devices is almost always unpredictable; in which case continuous queries is typically the only practical option.

In addition, many papers also propose hybrid structures [43] which combine time-parameterized principles into continuous queries, and others propose methods which rely on making certain assumptions about movement of objects.
5.1 Time-parameterized Solutions

Many special spatial-data structures and techniques have been proposed specifically for dynamic query problems.

TPR-tree. The Time Parameterized R-tree [36] is an extension of the R-tree that can answer prediction queries on dynamic objects. The concept is that each MBR expands linearly over time at a rate which ensures it always encloses the underlying objects, even though the MBR isn’t necessarily tight.

Each node stores an MBR (for the current time), and two velocity vectors for the lowest and highest defining points respectively. The velocity vector for the lowest point is determined by the minimum speed along each dimension for all contained MBRs and objects. Similarly, the velocity vector for the highest point is determined by the maximum speed along each dimension for all contained MBRs and objects. Figure 16 shows how this works, and how the MBR grows over time. Notice that at future time 1 the MBR R1 is not tight (R2 holds the maximum upwards velocity), but will always enclose both its children as it expands.

[image: image34]
Figure 16. Solving dynamic queries.

TPR-trees are able to answer instantaneous queries at some future time. For instance, at time=1 node E must be checked because it intersects the query. It is also possible to determine at what moment an MBR overlaps, or leaves a query window. The downside of the TPR-tree is that, as time continues, volume of and overlap between MBRs becomes large, meaning more subtrees are considered for each query, and performance of each individual search degrades from O(log n) to O(n). The solution is to completely rebuild the TPR-tree periodically or once a threshold is reached. An improved TPR-tree with enhanced update policies is shown in [35].
In an R-tree, it is possible to scale rectangles over time, but not so for the other structures. K-D-trees make splits exactly in line with points, and both quadtrees and fixed grids have a set boundary for cells. 

5.2 Other concepts

5.2.1 Query Indexing vs. Object Indexing

All dynamic proximity problems involve a number of objects P and a number of queries Q. The traditional approach to solving these problems is to index object point locations. However, indexing object locations suffers from the need for constant updates to the index and re-evaluation of all queries, whenever objects move. As proposed in [31], an alternative approach is to build an index (such as an R-tree) on the queries instead, called a query-index, and leave the objects unindexed. Objects are then executed as point queries over the query-index to determine which queries they intersect. So, effectively, the role of objects and queries is reversed.

For cases where queries are static, the query-index would only need to be constructed once. The motivating example: “continuously find all aeroplanes in different airspaces” is ideal, because airport airspaces would rarely be changed, added or removed. Furthermore, only objects which have moved since their previous time step are re-evaluated against the query-index; any aeroplanes waiting on the ground wouldn’t need rechecking.
For an object-based index, re-building the index costs O(P log P), and execution of Q queries would cost O(Q log P), which costs O(Q log P + P log P) total to process each timestep. If a query-index is used, time to process each timestep should be roughly O(Pmoved log Q), assuming there is no change to the query-index. For any problem where queries change or move frequently, particularly N-body problems whereby the objects themselves represent moving query points, this method is useless, and was only included for completeness. The same paper [31] also introduces the concepts of velocity constrained indexing and safe regions.
5.2.2 Safe Regions

Safe region is a region in space in which given object O can move about without affecting (leaving or entering) any query. An object which is far away from any stationary query has to move a large distance before it can affect any query.
SafeDist is the shortest distance between object O and the nearest query boundary. O has to travel at least SafeDist before it affects any query. 
SafeSphere. A safe maximal sphere at the current location with radius equal to SafeDist.

SafeRect. A safe maximal rectangle around the current location.


[image: image35]
Figure 17. SafeRegions.

Figure 17 shows examples of the two simple safe regions above. Notice that X is not contained in any query, whereas Y is contained inside Q4, but safe regions for both are still calculated in the same way. Also notice that for X, there are many possibilities for SafeRect.

Only objects that move outside their safe region need to be re-evaluated against the query-index, and then their safe regions re-calculated. SafeRect is more expensive to calculate than SafeSphere; however re-computation occurs infrequently, so this has little effect on the performance gains. Results show that SafeRect is significantly more effective than SafeSphere in 2 dimensions, since it usually covers a greater area [31].
5.2.3 Velocity Constrained Indexing

Velocity Constrained Indexing (VCI) is a technique which assumes each object can never exceed a certain maximum speed [31]. VCI is a regular R-tree based index on moving objects, except each node has an additional field called vmax. This value is equal to the maximum allowed speed among any of its child nodes and objects. Over time, each MBR grows at this speed in each direction. Performance degrades over time, so [31] suggests periodic refreshing and less frequent rebuilding achieves good performance. Refreshing the VCI updates all MBRs so that they become tight, and is less expensive than rebuilding. Rebuilding is still useful because, unlike refreshing, it changes/optimizes the index. A VCI is very similar in concept to a TPR-tree, except, instead of assuming predictable movement at constant velocity, it assumes only that there is a maximum velocity.

The CPU performance of VCI degrades approximately proportional to maximum velocity, therefore it works well for certain cases, for instance “continuously find all aeroplanes in different airspaces” might assume a maximum velocity of 300km/h, but is impossible for other situations, for instance a molecular simulation where the theoretical maximum speed of each particle is 3(108 m/s. Like query indexing, VCI is only suitable in situations where queries are rarely moved or added. 
5.2.4 Timestep: Performance vs. Accuracy
In any continuous queries, the choice of timestep is an important trade-off between performance and accuracy. Some systems require more frequent refreshes than others; however processing time is often an important limiting factor. Ideally, timestep should be as small as possible, so any change in a given query’s results is reported sooner after the exact moment of change. A tiny timestep is especially critical in N-body simulations whereby the movement of particles is calculated after every timestep and therefore timestep dictates the accuracy of the entire simulation. If timestep is too large, particles can collide or even pass through each other when they’re not supposed to.
5.3 N-body Solutions

The classical N-body problem (also known as many-body systems) is to simulate the evolution of a system of N bodies, whereby the force exerted on each body arises due to its interaction with all the other bodies in the system. This problem has numerous applications in areas such as astrophysics, molecular dynamics and plasma physics. The simulation proceeds over timesteps, each time computing the net force on every body and thereby updating its position and other attributes. If all pair-wise forces are computed directly, O(n2) operations are required at each timestep [7]. Hierarchical tree-based methods have been developed to reduce the complexity.
5.3.1 Barnes-Hut Algorithm

The Barnes-Hut algorithm [3] solves N-body problems for a universe of particles, each with a given mass or charge (for example, a star-clustering simulation) and uses divide-and-conquer with quadtrees. The principle is that, if an array of particles is well separated (a far enough distance) from an individual particle, the array can be treated as a single particle with a composite mass, at the centre of the array. The algorithm has two phases. In the first phases a quad-tree is built over all particles. For each node the total mass and centre of mass is calculated. For nodes with more than one child the total mass, M, is the sum of total mass, mi, for each child i. The centre of mass is given by:
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In the second phase, the force on each particle, i, is computed by traversing the tree from the root. If the distance between particle i and the centre of mass of the root is greater than the separation parameter θ, then the root node is used to compute the force on particle i. If not, then the algorithm is recursively applied to each of its children/sub cells. All forces are added to obtain a net force. Figure 18 illustrates this process.

[image: image37]
Figure 18. Barnes-hut Algorithm.

After the total force is calculated on each particle, the particles can be moved. After movement, the tree may be reconstructed and the process repeats. Both the tree building phase and the tree walking phase are of order O(n log n). The choice of θ is a trade-off between accuracy and computational speed [3].
5.3.2 Other

Two other varieties of N-body algorithms similar the Barnes-Hut O(N log N) algorithm  are the Fast Multipole Method (FMM) [18] and Parallel Multipole Tree Algorithm (PMTA) . FMM is very similar to Barnes-Hut, using a octree to approximate distant forces, however the Barnes-Hut computes particle-cell interactions whereas FMM computes cell-cell interactions, thereby reducing complexity. FMM also uses interpolation of harmonics to achieve O(N) for uniform distributions. PMTA is a hybrid of the Barnes-Hut and FMM algorithms. In [7], they found that FMM outperforms the other two algorithms, except for gravitation distributions with low accuracy. Another O(N) method is called Multigrid, which works by adopting a series of grids, each of which is coarser than the preceding one. Point charges and forces are then approximated to grid points [24]. Other methods include the O(N3/2) Ewald algorithm and the O(N log N) Particle Mesh Ewald algorithm. Most of these methods, are too complex to summarise, but [24, 7] are an excellent starting point.
6 Molecular Dynamics Liquid Simulations
At an atomistic level, particles obey quantum laws, however the movement of atoms in any matter can be closely approximated using classical laws. Molecular dynamics (MD) is a technique of performing a computer simulation of a set of interacting atoms over time by integrating their equations of motion. MD simulations use the laws of classical mechanics, the most important of which is Newton’s law (force = mass ( acceleration) for each particle.

An excellent introduction to MD is provided in [13]. All atoms in a fluid influence all other atoms by pair-wise interaction. MD is a statistical mechanics method and requires an interaction model called a statistical ensemble to determine forces and movement. The most commonly used interaction model is the Lennard-Jones pair potential described in [2].

Although certain efficient N-body solutions exist for certain problems, to the best of this author’s knowledge, no solution takes into account the different directions and polarities of force exhibited by most particles. All interaction models potentially have infinite range, however this results in O(N2) performance, so in practical application it is customary to establish a cut-off radius rc and disregard the interaction between atoms separated by more than rc [13]. In other words, a range search should be executed for each particle i, outside of which other particles are so distant that their pair wise-interaction with i is negligible. These results will then be used to move each particle.

Since the equation for movement of particles is complex, and since each range search is likely to encompass numerous particles, using a time-parameterized structure is impractical. However many of the time-parameterized concepts covered in the previous section may still prove useful.

The only practical solution is to execute continuous queries at an appropriately small timestep depending on the level of accuracy of atom’s trajectories [13]. Rebuilding object index structures each timestep is expensive; especially for tree structures. If a static grid file is used however, rebuilding the index is much less expensive, because every object can be inserted/checked in O(n) time. Each timestep, some objects will move out of their cells, however most will remain in the same cell. Also, since the distribution of atoms in liquid is typically uniform, the space occupied by the grid file should approach O(n).
6.1 Periodic Bounding Condition

Computer simulations are usually performed on a relatively small number of molecules. Molecules on surface boundaries have less neighbours and experience different forces from molecules in the middle, and this may be suitable for a small liquid drop or microcrystal, but isn’t suitable for simulation of bulk liquids. Having a reflecting flat surface at universe boundaries (so molecules bounce back inside) or ignoring them completely (so molecules disappear) is unrealistic.
The periodic boundary condition (PBC) solves these problems by eliminating surface effects. Using PBC, a cubic box is replicated throughout space to form an infinite lattice. Boundaries effectively wrap-around, so that a particle which leaves one face will enter through the opposite face (similar to the asteroids computer game), as shown in Figure 19. Since forces also wrap around, the boundary of the box has no effect on particles and there are no surface molecules.

[image: image38]
Figure 19. Periodic Boundary Condition.

Sometimes, surface effects are desired as part of a simulation, and a common model for this, called a slab, involves removing the PBC along one axis (usually the z axis), and in some cases using a reflecting boundary along that axis instead.  PBC is a very successful and common technique, although in [2] they discuss some potential problems associated with the perfect symmetry of PBC simulations, and propose alternative techniques.
6.2 Verlet Neighbour List

The most commonly used time integration algorithm in molecular dynamics is probably the Verlet algorithm [2]. The basic idea is to calculate the movement of molecules based on their position, velocity and acceleration. Importantly, in the original Verlet method, the cut-off sphere, of radius rc, around each molecule is surrounded by a larger sphere, called a ‘skin’, of radius rl. During the first timestep a large neighbours list is constructed, containing all pairs of neighbours within rl of each other. Over the next few timesteps, the neighbours list is checked to see which neighbours are within the actual cut-off radius rc. At intervals, the neighbours list is reconstructed, and the cycle repeated. Intervals of 10-20 timesteps are common [2]. The algorithm is successful because the skin is chosen to be thick enough that no molecule can penetrate through the skin and into the cut-off sphere (see Figure 20).


[image: image39]
Figure 20. Cut-off sphere and skin around a molecule.
A refinement of this technique is to store the total displacement for each molecule since the last update and only update the neighbours list when the sum of the two largest displacements exceeds rl - rc. Note that some of these concepts are similar to SafeSphere and SafeDist.
6.3 Cell List

The cell list is another algorithm which scales linearly with N [22]. A fixed grid is chosen such that the size of each cubic cell side is slightly larger or equal to the cut-off radius rc. Each particle in a given cell therefore only interacts with particles in neighbouring cells. The same list of neighbouring cells is used as a candidate list for each particle in the same cell (reducing internal complexity), but unfortunately a high-proportion of candidate particles will be rejected (which means higher external complexity).

[image: image40]
Figure 21. Cell list.
The Verlet scheme requires 16 times less pair distance calculations than the cell list. However this can be made more efficient again by using a cell list to construct the Verlet neighbour lists, which is discussed in more detail in [22].
7 Conclusion

7.1 Summary

Research into proximity problems has resulted in a multitude of SAMs and optimization techniques. This literature review has surveyed a number of popular spatial data structures and techniques for solving and optimizing range searches in a dynamic three dimensional vector space. In particular, this review has focussed on which techniques should be best for a specific fluid dynamics problem of simulating particles in a stable fluid. However, because there are so many variations of spatial data structures, many different criteria to specify optimality and so many parameters that determine performance, it is difficult to recognize an optimal solution for any specific problem without testing. It was reasoned that a static grid file, or possibly an N-body algorithm such as the Fast Multiple method, using a continuous query technique, should yield the best results. Lastly the paper has suggested future research, including several ways a grid file might be optimized or adapted for the proposed fluid simulation project.
7.2 Future Directions

The effectiveness of various SAMs for solving the molecular dynamics problem deserves proper investigation. Also, certain N-body algorithms may be tested to see if they can be adapted to and give accurate results for molecular dynamics problems with directional forces. Since grid file is most likely to yield the best performance, an in-depth analysis of various optimization techniques would be valuable.

Possible optimization techniques for the grid file may include:

· The use of space-filling curves to order the points array. A comparative study of performance gains for this specific problem would be worthwhile, as would an analysis of how frequently points should be reordered as atoms move about the fluid.

· Determining and choosing an optimal grid size.

· Using the concepts of safe regions and maximum likely velocity so that atoms in the centre of a cell, which are unlikely to move outside of that cell for many timesteps, need not be checked every timestep.

· A variation on the about might be to define a smaller safe sphere(s) contained inside the range search sphere. It could assume that particles inside each safe sphere are assumed not to leave the range query sphere for a given number of timesteps (based again on maximum likely velocity). These particles and cells would not have to be rechecked the following timestep.

· Reusing the same range query results for nearby atoms. For instance, a range search could be executed for each occupied cell (instead of each atom), and all atoms in that cell could assume the same results. Distances would be checked later while calculating pair-wise forces.

· Approximating range queries so as to eliminate the need to check part lists, or even approximating the shape of the spherical query to a rectangular query, or some other shape. Particles captured by the query but outside of rc could be eliminated by calculating the distance from i to all returned neighbours. To compute pair-wise interactions these distances must be calculated anyway, therefore the cost of checking atoms outside of the actual range (external complexity) should not be too expensive.

Furthermore, it would be worthwhile to:

· Analyse the trends timestep has on performance and accuracy.
· Analyse the effect of rc on performance and accuracy.

· Test variations of the grid file. For instance, the idea of using MBRs within separate cells (as is used in the buddy tree) may prove effective in a static grid file where many cells will be on the very outer boundary of numerous range searches. If the range search intersects the cell, but not the MBR, all atoms in that MBR can be rejected, and this may result in performance improvements.
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